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Experimental data are presented for the heats of mixing of liquids at 25°C. and 1 atm. 
pressure for ten binary and five ternary systems. For nonpolar binary systems a two- 
constant equation has been developed which correlates the data within experimental 
accuracy. Several equations which have been proposed for the calculation of ternary 
heats of mixing from binary data are tested for the systems studied. The method of Jost 
and Rtick (4) for determining the constants in power-series functions from experimental Ethanol-absolute, distilled with zinc dust 

and caustic soda. data is considered. 

Most of the many recent studies of 
the heats of mixing of liquids have been 
carried out to establish new theories or to 
test existing theories about the nature 
of liquids and solutions. Heat-of-mixing 
data are of practical value in industrial 
design; Tsao and Smith (15) have 
pointed out that for solutions which 
deviate appreciably from ideal behavior 
the heat of mixing may be of considerable 
importance. Moreover, with the develop- 
ment of extractive and azeotropic dis- 
tillation processes, a demand has arisen 
for heat-of-mixing data for ternary 
systems. Since such data are more difficult 
to obtain than data for binary systems, 
i t  is desirable to develop methods for the 
prediction of heats of mixing for ternary 
systems from binary data. 

This paper is a continuation of the 
work of Tsao and Smith and has the 
following objectives: (1) to evaluate and 
develop correlation procedures for binary 
systems, (2 )  to present experimental data 
for binary and ternary mixtures, and 
(3) to evaluate the different methods of 
predicting heats of mixing for ternary 
systems from binary data. The term 
heat of mixing as used in this paper is 
defined as the change in enthalpy per 
mole of mixture (or per unit volume of 
mixture) when the pure components are 
mixed a t  constant temperature and 
pressure. 

The experimental apparatus has been 
described by Tsao and Smith (13), and 
only ~7ery minor modifications were 
made for the present work. The measure- 
ments were made in an isothermal 
calorimeter suitable for determining heats 
of mixing for endothermic systems. All 
data were taken at 25°C. and atmospheric 
pressure. 

MATERIALS 

The materials used in the present work 
and their specifications are listed below: 

Methanol-99.5yo pure, distilled with zinc 

Toluene-boiling range 0.2"C.; residue after 

n-Heptane-boiling range 0.2"C. 

dust ant1 caustic soda 

evaporation, 0.001 yo 

H. W. Sehnaible is with Gulf Research and 
Development Company, Pittsburgh, Pennsylvania; 
H. C. Van Ncss at  Rensselaer Polytechnic Institute 
Troy, New York; and J. 11. Smith at  University of 
New Hampshire, Durham, New Hampshire. 

Benzene-thioDhene free EXPERIMENTAL RESULTS 
n-Hexane-99 mole yo pure, minimum 
n-Octane-99 mole % pure, minimum Heat-of-mixing data were obtained 
n-Nonane-99 mole o/, Dure. minimum for the ten binary systems cyclohexane- . "  - I 

Cyclohexane-99 mole % pure, minimum benzene, toluene-cyclohexane, heptane- 
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TABLE 1. HEATS OF MIXING FOR FOUR ALCOHOL-HYDROCARBON SYSTEMS 
Value2 of H ~ ~ / x I x ~ ,  B.t.u./lb. mole, 25"C., 1 atm. 

Mole fraction 
component 1 

(alcohol) 

0 
0.05 
0.10 
0.20 
0.40 
0.60 
0.80 
1.00 

Ethanol- 
benzene 

7,420 
4,460 
3,250 
2,300 
1,610 
1,280 
1,060 

865 

. Ethanol- 
cyclohexane 

12,000 
3,160 
2,120 
1,560 
1,210 
1,165 
1,220 
1,340 

Ethanol- 
toluene 

7,200 
4,350 
3,010 
2,120 
1,460 
1,180 

990 
830 

Methanol- 
benzene 

7,000 
3,980 
2,820 
1,925 
1,260 

985 
845 
760 
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cyclohexane, heptane-benzene, heptane- 
toluene, hexane-benzene, ethanol-benzene, 
ethanol-toluene, ethanol-cycloheuane, and 
methanol-benzene. Data for five of the 
hydrocarbon binaries are shown in 
Figure I, and smoothed result? for the 
polar binary systems are tabulated in 
Table 1. In addition to these results, 
heats of mixing were obtained for the 
binary systems formed by mixing bcnzme 
and toluene with the normal hydrocarbons 
hexane, Iicptnne, octane, arid nonane. 
The results of this series of experiments 
are given in Figure 8. Data for five 
ternary systems : ethanol-toluene-cyclo- 
hexane, heptane-toluene-c y c 1 o h  e Y a n e, 
heptane-benzene-cyclohexane, ethanol- 

benzene-cyclohkxane, and methanol-ben- 
bene-hexane, are plotted on five ternary 
diagrams in Figures 2 through 6. 

Since hexane and methanol are not 
completely miscible a t  25"C., an isother- 
nial solubility curve was determined for 
the methanol-brnzene-hexane system. 
This was accomplished by cooling a 
pycnometer which contained weighed 
amounts of the three components in a 
variable-temperature bath and noting 
the temperature a t  which the solution 
became cloudy. The solubility a t  25°C. 
was determined by interpolation after 
this operation had been repeated several 
times with solutions of different con- 
centrations. 

Fig. 2. Heats of mixing for the ethanol-toluene-cyclohexane systems at 25°C. Isenthalpic 
lines in B.t.u./lb. mole; compositions in mole yo. 

Fig. 3. Heats of mixing for the heptane-toluene-cyclohexane system at 25°C. Isenthalpic 
lines in B.t.u./lb. mole; compositions in mole yo. 
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PRECISION AND ACCURACY 
OF MEASUREMENTS 

The main sources of error in isothermal 
calorimetry, the vaporization and con- 
densation effects of volatile liquids, are 
dimiriishcd by keeping the vapor space 
in the calorimeter as small as possible. 

In order to check the accuracy of the 
apparatus used in this investigation, 
measurements were made first on the 
cyclohexane-benzene system. Since the 
two components in this system have 
approximately the same vapor pressures 
and hrats of vaporization, errors due to 
the vaporization and condcnsation effects 
of mixing should be negligible. Moreover, 
data of several other investigators (1, 6, 
10) are available for this system, and 
when they are compared with the present 
results (Figure 7 ) ,  the agreement is good. 
As a further check on the accuracy of 
the results, measurements were made for 
several systems with different volumes 
of vapor space. Since the magnitude of 
the error involved when two substances 
are mixed is a function of the amount of 
vapor space, it  should be possible to 
detect errors if several different vapor 
spaces are used. Finding that the size 
of the vapor space had no appreciable 
effect on the results, the authors con- 
cluded that vaporization and condensa- 
tion effects introduced no appreciable 
error in the results. 

The accuracy of thc heat-of-mixing 
measurements is believed to be well 
within 5%. The excellent reproducibility 
of the data suggests that this is probably 
a very conservative estimate. For ex- 
ample, the maximum deviation of the 
data from the smoothed results of Table 1 
is less than 1%. 

Data are available in the literature for 
several of the binary systems studied, 
and agreement with the present work 
ranges from excellent to poor. For the 
methanol-benzene system, which has 
been studied more extensively than the 
others, Tsao and Smith (15)  compared 
all available results. The present data 
agree almost exactly with those of Tsao 
and Smith. 

CORRELATION OF BINARY DATA 

For many years there have been 
attempts to correlate binary heat-of-mix- 
ing data by the use of equations based on 
certain theoretical assumptions. S s  early 
as 1906 van Laar (14) gave a treatment 
based on the van der Waals equation for 
the mixture and the pure components. 
Since that time Scatchard (9), Hilde- 
brand (3) ,  Longuet-Higgins (5) ,  and 
Prigogine (7) have also developed equa- 
tions which ultimatcly take the same 
form as the van Laar equation. The fact 
that all these equations reduce to 
essentially the same form has been shown 
in detail by Scott (12). 
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l h e  “regular”-solution equation can 
be written in the following form: 

where AE is the energy change of mixing, 
z is volume fraction of the component in 
solution, V ,  is the mold volume of the 
mixture, and 

If a relationship can be assumed between 
the interaction energy density clz and 
the cohesive energy densities of the pure 
components cI1 and cz2, it  becomes possible 
by Equations (1) and (2 )  to predict heats 
of mixing from data for the pure com- 
ponents alone. It is usually assumed that 

c12 = dGz (3) 
What is often not pointed out, however, 
is that clz is so near in value to (cll + cz2)/2 
that only a very small change in the 
value of clz will make a significant change 
in the heat of mixing. If i t  is assumed that 

c12 = (C11C2Jn (4) 
where n can be any value near 0.5, it is 
found that for the benzene-heptane 
system, for example, a change in the 
value of n by only 0.0S70 causes changes 
in the heat of mixing by as much as 
237,. Thus general methods such as 
this for predicting heats of mixing from 
data for the pure components alone do 
not appear promising. 

Nevertheless such general equations 
are useful for correlating experimental 
data. An equation which has been used 
for the correlation of heats of mixing for 
nonpolar systems is (10) 

where w takes the integral values, 0, 1, 2, 
3, etc. 

A particularly convenient method for 
determining the constants in Equation 
( 5 )  from experimental data is through 
the use of Vettin’s discontinuous orthog- 
onal polynomials as suggested by Jost 
and Rock (4). The polynomials are 
defined so that 

Ay- 0 

where 

I.’(y/Ay) = Vettin’s polynomial in y/Ay 
P(y)  = Legendre’s polynomial in y 
Y = the variable 

= a&) + a,(d AY = increment chosen between 

An expansion of AH/xlx2 in Vettin’s poly- 
nomial where y = x1 - z2 = 22, - 1 and 

discrete values of y 
5 + a, 9 (3y2 - 6/51 

Ay = 2Ax1 = 0.2 is represented as follows: 

= aoVo + a, V ,  + a, V ,  

72 

125 
504 + a4 ~ (35y4 - 35y2 

+ a 3 1 1 3  + . . .  + 504/125) + * * * (7) 

Fig. 4. Heats of mixing for the heptane-benzene-cyclohexane system at 25°C. Isenthalpic 
lines in B.t.u./lb. mole; compositions in mole yo. 

Fig. 5. Heats of mixing for the ethanol-benzene-cyclohexane system at 25°C. Isenthalpic 
lines in B.t.u./lb. mole; compositions in mole %. 
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The constants, ao, al, a2, a3, etc., are 
readily determined (Q), and they have 
the advantage of being independent of 
the number of terms in the expansion. 

Equation (7) may be rearranged to 
give a simple power series, and it is 
therefore equivalent to Equation ( 5 ) .  A 
comparison of Equations (5) and (7) 
shows the two sets of constants to be 
related as follows for a series of five terms: 

A o  = ao - (2/3)az + 
A1 = a1 - (89/36)~3 
8 2  = (5/3)n2 - (625/72)a4 
AI = (125/36)a3 
A p  = (625/72)~4 

This method is recommended for the 
determination of the constants for 
Equation (5). 

It should be mentioned that if one 
component of the binary system is a 
polar material, the heat-of-mixing curve 
will be skewed. Therefore, more terms 
are necessary in Equation (5) to obtain 
a good fit to the experimental data than 
is the case where nonpolar components 
are mixed. For example, i t  was possible 
to fit the cyclohexane-benzene binary 
data with an average deviation of only 
0.1% with an equation of three terms; 
whereas five terms mere not sufficient 
to correlate the ethanol-benzene binary 
data with an average deviation of even 
5%. 

Actually, for nonpolar systems a two- 
constant equation is sufficiently accurate 
for engineering purposes. An especially 
convenient equation was developed by 
Boissonnas and Noordtzig (2)  : 

It is seen from Equation (8) that when 
x2 = 0 and x1 = 1, AH12/xlxz = Hzm 
and when x2 = 1 and x1 = 0, AH12/x1x2 = 
Him, Thus HIco and Hzm represent the end 
points of the curves of AH12/x1xz vs. x1 
as shown in Figure 1. Moreover, it can 
readily be shown that HIm is the heat of 
mixing when one mole of component 1 
is mixed with an infinite amount of 
component 2, and Hzm is the heat of 
mixing when 1 mole of component 2 is 
mixed with an infinite amount of com- 
ponent 1. Thus, H1" is the heat of solution 
per mole of component 1 a t  infinite 
dilution. It may also be regarded as the 
relative partial molal enthalpy of com- 
ponent 1 a t  infinite dilution or as the 
partial molal enthalpy of component 1 
a t  infinite dilution when the pure com- 
ponent is considered to have zero en- 
thalpy. Experimentally, these values 
may be determined from measurements 
of the heat effect when a few drops of 
one pure component are mixed with a 
relatively large volume of the other pure 
component. 

An empirical modification of Equation 
(8) was found to give an excellent cor- 
relation for nonpolar systems. Thus the 
following expression, containing but two 
constants, fits the data within two or 
three per cent. 

(9) 

Fig. 6. Heats of mixing for the methanol-benzene-hexane system at 25°C. Isenthalpic 
lines in B.t.u./lb. mole; compositions in mole %. 

where IH1" - Hz"~ represents the 
absolute value of Hlm - Hzm taken as 
positive regardless of the actual sign. 

It is seen that for nonpolar systems 
only HIm and H2" are needed for the 
complete determination of the heat-of- 
mixing curve by Equation (9). The 
values of HI" and H2" for the six hydro- 
carbon binary systems studied are listed 
in Table 2. The curves shown in Figure 1 
were determined by Equation (9) with 
the constants as given by Table 2. For 
clarity, the hexane-benzene system has 
been omitted from Figure 1. 

TABLE 2. VALUES OF Hlm AND H," 
FOR EQUATION (9) 

System Hi", Him, 
Component 1-Component 2 B.t.u./lb. mole 

Heptane-benzene 2,210 1,335 
Hexane-benzene 2,040 1,370 
Cyclohexane-benzene 1,480 1,320 
Toluene-cyclohexane 1,200 940 
Hep tane-toluene 1,080 800 

640 340 Heptane-cyclohexane 

In  addition, the experimental data 
show that the heats of mixing of the 
normal aliphatic hydrocarbons (hexane, 
heptane, octane, and nonane) with 
benzene are the same within experimental 
error a t  the same volume fractions of the 
hydrocarbons if the heats of mixing are 
based on a unit volume of mixture. This 
was also true for systems of the aliphatic 
hydrocarbons and toluene. These hydro- 
carbon correlations for mixing with both 
benzene and toluene are shown in Figure 
8. Deviations from this correlation for the 
systems investigated are never more than 
5y0 and in most cases are less than 2%. 

There are several reasons for the 
difficulties in the prediction of the heats 
of mixing of polar systems. The "regular"- 
solution equation [Equation (I)] is 
based on the assumption that the inter- 
molecular attractions are due entirely 
to dispersion forces. However, unlike 
dispersion forces, the dipole moments of 
polar substances in a nonpolar solvent 
depend on the solvent and on concen- 
tration. Furthermore, the magnitudes of 
the dipole moments alone do not provide 
a basis for an understanding of their 
influence upon intermolecular forces. In 
addition the actual geometry of the 
molecules must be considered. 

Since equations with a large number 
of constants are necessary to represent 
data for polar systems and since all the 
necessary correlations can be presented 
graphically, i t  would seem that a graphical 
correlation mould be more expedient than 
an analytical one. Hence, no equation is 
recommended for the polar systems 
studied. The minimum number of points 
necessary to establish the curve with 
sufficient accuracy is about six; HIm, Hzm, 
and four other points a t  the mole frac- 
tions 0.1, 0.2, 0.4, and 0.75 of the polar 
component. It is essential that data be 
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taken in the region of low concentration 
of the polar component. 

PREDICTION OF TERNARY HEATS OF 
MIXING FROM BINARY DATA 

Three equations for predicting heats 
of mixing of ternary systems from binary 
data have been analyzed for the four 
completely miscible systems studied in 
this investigation. 

The first equation was proposed by 
Redlich and Kister (7') and further 
developed by Scatchard and coworkers 
(9) for three substances which have 
similar binary heats of mixing: 

w 

W 

Scatchard (9) modified Equation (10) 
t o  apply to mixtures containing one 
polar component (component 1) : 

w 

Tsao and Smith ( I S )  suggested the 
following equation: 

AH123 z= 21x2 c Aw12(2x1 - 1)" 
w 

f xlx3 A ~ 1 3 ( ~ x I  - 1)" 
w 

w 

In thcse equations AHlz3 is the heat 
of mixing of the ternary mixture based 
on zero enthalpy for the three pure com- 
ponents and Aw12, Awl3, and & 2 3  are 
the coefficients of Equation (5)  for the 
individual binary systems, 1-2, 1-3, and 
2-3. In Equation (12) the special function 
xz* is introduced. It is defined as x2* = 
xz/(2* + 2 3 ) .  

Equations (lo), (11), and (12) may 
be readily solved if the constants in 
Equation (5 )  are known for the three 
binary mixtures of the components. 
However, it is frequently more conven- 
ient to rearrange these equations so that 
the binary heats of mixing may them- 
selves be used. This procedure is particu- 
larly advantageous when the binary data 
appear only in tabular or graphical form 
or are correlated by equations of different 
form than Equation ( 5 ) .  

In  Equations (lo), ( l l ) ,  and (12) the 
coefficients are those resulting from 
Equation ( 5 )  for the binary mixtures. 
Hence each summation term of Equations 
(lo), ( l l ) ,  and (12), for example, 

W 

w 

must be related to a binary heat .of 
mixing for the two components involved 
at a binary composition equivalent to 
the compositions of the two components 
in the ternary mixture. If the equivalent 
binary compositions are represented by 
x1', 521, and x i ,  the binary heats of 
mixing at these equivalent compositions 
are given by 

x1'xz I = c 20 AW12(2Xl '  - 1)" ( 5 4  

% = c Awz3(2X2'  - 1)" (5c) 
5 2  Zn UI 

It should be noted that the values of 
xl', x i ,  and x3' will be different in the 
two equations in which each appears. If 
XI' in Equation (5a) is selected so that 
2x1' - 1 = x1 - xz, then the first sum- 
mation term of Equation (10) may be 
replaced by the equivalent term in 
Equation (5a) or by AH12/x<x2/. Similarly, 
x1' in Equation (5b) is chosen so that 
2x1' - 1 = XI - x3, and xz' in Equation 
(5c)  is taken so that 2x2' - 1 = xz - x3. 

400 

In  this way the second and third sum- 
mation terms of Equation (10) may, be 
replaced by their equivalent values 
from Equation (5b) and (5c).  Equation 
(10) can then be expressed as 

The values of AH1z/x11x2', for example, 
can be obtained from a graph of 
AHlz/xl'xz' vs. xl' a t  a value of xl' given 
by the relation 2x1' - 1 = xl - x2. (See 
Figure 1, for example; of course, on this 
graph x1 and xz are identical with xl' and 
x2' used in the preceding discussion.) 

I n  a like fashion Equation (11) may be 
transformed to give 

In  this case AHl2 and AHla are obtained 
at a value of XI' = xl, since 21' is selected 
so that 2x1' - 1 = 2z1 - 1. On the 
other hand, AH23 is read at a value of 
221 such that 2x21 - 1 = x2 - x3. 

Equation (12) may be written 

300 

W 
-J 
0 
I 
m 
-I ; 200 
I- 
m 

a 
I 
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X ,  MOLE FRACTION BENZENE 

Fig. 7. Heats of mixing for the benzene-cyclohexane system. 
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2 ,  VOLUME FRACTION HYDROCARBON 
Fig. 8. Correlation €or aliphatic hydrocarbons with benzene and toluene at 25°C. X-hexane, 

+-heptane, A-octane, 0-nonane. 

Here AHl2 and AHll are read a t  a value 
of xl’ = xl and AHl3 is obtained a t  a 
value of x2‘ = z g *  = x 2 / ( x 2  + z?). 
d comparison of the experimental 

heat-of-mixing data for the four com- 
pletely miscible ternary systems with 
the values calculated by Equations (13), 
(14), and (15) gave the results shown in 
Table 3.  Equations (lo), (]I) ,  and (12) 
were not used for the prediction of 
ternary heats of mixing because of the 
fact  that it was not possible to represent 
the binary data accurately for polar 
systems by an equation containing a 
reasonable number of constants. I t  
seemed bettcr to use the graphical cor- 
relations of binaiy data so as to basc the 
predictions for ternary systems on the 
actual experimental results for the binary 
systems. 

TABLE 3. AVERAGE 1)EVIATIOP; O F  
EQT-A TIOSS imonf Exrs R1nimm.k r, 1 j . 4 ~ ~  

Two systems 
Ti\- o having one 

nonpolar polar 
systems, yG component, 9; 

Equation (13) 2 . 4  1 2 . 0  

Equation (15) 5 . 9  10 .9  
Equation ( I  4) 1 . 6 4 . 7  

On the basis of these results, it  appears 
t ha t  Equation (14) is satisfactory for the 

prediction of ternary heats of mixing from 
binary data for both polar and nonpolar 
systems. Equation (13) also gives satis- 
factory results for nonpolar systems. The 
maximum deviations of the predicted 
values from the experimental results 
were generally about twice the average 
deviation. 

It should be mentioned that whereas 
Equation (13) is symmetrical, Equations 
(14) and (15) are not. It is necessary, 
thercfore, that  the proper componrnt be 
selected as component 1 in the applica- 
tion of Equations (14) and (15). The 
simplest procedure is to select as com- 
ponents 2 and 3 the components which 
make up the binary having the lowest 
heat of mixing. Component 1 will then 
be the most dissimilar chemical in the 
ternary. If all three binaries have 
approximately eqbal heats of mixing. 
Equation (13) should probably be uscd. 

The results given for the ternary 
systems in Figures 2 through 6 are 
experimental values and are not based 
on any assumed relation of the ternary 
values to binary data. Complete data 
are given by Schnaible ( 1 1 ) .  

CONCLUSIONS 

In summary, i t  ~vould appear that no 
satisfactory general method is available 
for the prediction of heats of mixing from 
data for the pure components alone. On 
thc other hand, a satisfactory cmpirical 
cquatiori does exist for the prediction of 
ternary hcats of mixing from binary data 
a t  least for systems containing no more 

than one polar component. The correla- 
tion of binary data for nonpolar systems 
may be readily accomplished by a simple 
two-constant equation. However, data 
for polar binary systems are probably 
still best represented graphically. For 
this purpose a plot of AHI2/x1x2 is most 
convenient. 
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NOTATION 

a = a constant 
A = a constant 
c 

AE = energy change of midng 
AH = heat of mixing a t  constant tem- 

Hm = heat of solution per mole of solute 

TZ = an exponent in Equation (4) 
P = Lengendre’s polynomial 
V = Vettin’s polynomial 
V ,  = molal volume of mixture 
w 

x = mole fraction 
x’ 

= cohesive energy density or inter- 
action energy density 

perature and pressure 

at infinite dilution 

= a power or subscript taking values, 
0, 1, 2, 3, etc. 

= mole fraction in binary mixture 
equivalent to that of a ternary 
mixture 

x2* = d ( Z z  + 2,) 
y 
z = volume fraction 

= variable, equal to 2, - x2 
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